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Extending polysoaps in the presence of free amphiphiles
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Intramolecular self-assembly affects the elastic behavior of polymers. “Denaturing” agents that weaken the
resulting secondary structure strongly modify the force laws characterizing the deformation of such polymers.
This behavior is analyzed for the particular case of polysoaps: linear hydrophilic polymers incorporating, at
intervals, amphiphilic monomers. In aqueous solution the amphiphiles form intrachain micelles. The deforma-
tion behavior of a linear string of spherical intrachain micellesfinonditions and high ionic strength is
analyzed as a function of the concentration of free amphipiMledt intermediate extensions intrachain
micelles coexist with fully dissociated chain segments leading to a regime where the ténisiomeakly
dependent on the end to end distaiteThe width of the coexistence regime shrinksXaicreases. At the
same time, the tension at coexistence increasesfRittagram exhibits thus features reminiscent of a critical
point approached via control &f. [S1063-651X98)03901-4

PACS numbgs): 36.20.Ey, 61.25.Hq, 82.70.Dd

I. INTRODUCTION weakly increasing function dR. The near plateau in thER

Intramolecular self-assembly drastically modifies the Con_Q|agram is reminiscent of theV diagram of a fluid coexist-

, . . . Ing with its vapor. As we shall see, in the presence of free
figurations of polymers. Denatured proteins, random coil

“amphiphiles the plateau shrinks while the tension at coexist-

like objects, can fold into unique three-dimensional struC-gcat increases. Eventually, when the surfactant concen-

tures[1]. Major, though less dramatic, effects also take placgation X is large enough the plateau disappears altogether.
in synthetic associating polymers, i.e., flexible copolymersrys is somewhat suggestive ofcaitical point approached
incorporating associating monom¢gd. The intrachain self- ;5 control ofX. The physical origin of this behavior is clear.
assembly of the associating monomers endows the chaifhe coexistence regime reflects the equilibration of the sec-
with a hierarchical self-organization associated with a rugge@ndary structure introduced by the intrachain micelles. The
free-energy surfacg3,4]. In turn, this strongly affects the addition of free surfactants gives rise to the formation of
configurations, dimension, and elasticity of the chdB$].  mixed micelles incorporating both free and polymerized am-
When the self-assembly involves hydrophobic interactions
one may modify, and eventually “denature,” the self-
organization by adding free amphiphiles. This technique was
first pioneered and extensively used in the study of proteins
[7]. In the following we present a theoretical model for the
effect offree amphiphile®n theelasticityof a certain family

of associating polymers: polysoaff38]. These are flexible,
hydrophilic chains that incorporate, at intervatscovalently
bound, amphiphilic monomers. We focus on the casenof
>1 amphiphiles joined by long, hydrophilic, spacer chains
consisting ofn>1 monomers. The total polymerization de-
greeN~nm obeysN>n>1. In water, the polymerized am-
phiphiles self-assemble into a variety of aggregates, depend
ing on the nature of the amphiphiles, etc. For brevity, we
confine our analysis to an especially simple case that never
theless retains the essential features of the system. In particL
lar, we consider alinear string of spherical intra-

chain micellles[g] in an aqueous solution. ohigh ionic . FIG. 1. Our discussion concern@ a polysoap that self-
strength. It is assumed that all the polymerized amphiphilegssemples into a linear string of spherical intrachain miceilss.
are micellized(Fig. 1). The elasticity of isolated polysoaps The unperturbed polysoap behaves as a self-avoiding chain of in-
assuming this configurations exhibits a distinctive featurgrachain micelles depicted as circle®) In the absence of free
[5]. At intermediate extensions, intrachain micellgsexist  syrfactants the intrachain micelles consist only of polymerized am-
with fully dissociated chain segmer(sig. 2). In this regime,  phiphiles.(d) Mixed micelles, incorporating both polymerized and
the tension along the chainis weakly dependent on the end unpolymerized amphiphiles, are formed once the concentration of
to end distancdR. To be precisef ~In g(R), whereg(r) is  free surfactants exceedac.
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phiphiles[3,4]. The plateau disappears when the secondarga hydrophobic tail from water into the micellar core. For
structure is fully “denatured,” that is, when every intrachain spherical micelleg is related to the volume of the hydro-
micelle contains only a single polymerized amphiphile. Thisphobic tailv and to the area per head groams p~v?/a®
fR diagram is of interest from two points of view. First, it is and thuspowvzlag. u is a dimensionless variable= p/pg
a distinctive aspect of the elasticity of polymers exhibiting = (a,/a)3. The u~'® term allows for the interfacial free
secondary structure. Second, it is of practical interest sincenergy per head group. This driving term favors micellar
polysoaps and related polymers are used as viscosity modgrowth. The repulsion between the head groups gives rise to
fiers of dispersions containing free surfactants. theu®”® term. The third termu'’? arises because of the repul-
The discussion is limited to spherical intrachain micellessive interactions between the coronal loops. It corresponds to
incorporating, in the unperturbed stafesp, amphiphiles.  the free energy per loop in @solventF . ond KT~ pY/2[10].
Herep, is the aggregation number of the micelles formed byThese last two terms reflect free-energy penalties that oppose
the free, unpolymerized surfactants. Such intrachain micellesicellar growth. The relative importance of the penalty
can be obtained by a proper choice of the amphiphilic monoterms is determined by~ p3% ya,, the ratio of the coronal
mers andn. Linear strings are not the most stable configu-pena|ty to the head group repulsionaata,. As stated be-

ration of polysoaps$4]. They are, however, expected as in- fore, for brevity we focus on the limit ok<1 whenp
termediates upon the stretching of more stale configurations: p; andu~1. In this regimee,~',, Wheree,kT, as given

brancheq strings_ or globules of close—packec_i intrachain migy Aé,ﬁ yag(u=Y3+utd) = 5, is the free energy per am-
celles. Linear strings may also occur as long-lived metastablghiphile in a micelle formed by free, monomeric surfactants.
states._Thefrfzquwementdoflhl?h |:)r;!c _sttrengtth enskjresdghpor P~po. 'Epﬁz)’ao— S and the critical micelle concen-
screening of long-ranged electrostatic interactions. In addi: _. Po_ .
tion, it isgassumgd thgt water is é&asolvent for the hydro- tration Xcyc IS €p,~In XCMC_' I_t is important to note that &
philic backbone, which may then be viewed as a Gaussiaﬁo!vem for.the backbone is in effect a good solvent for the
coil. This simplifies the analysis with no change in the es-String of micelleg12]. The 6 temperature for star polymers
sential physicg6]. Finally, the discussion is limited to am- 1S lower than the ¢ temperature of the corresponding
phiphiles that do not adsorb onto the hydrophilic backbondin€ar chain[13]. Accordingly, the micellar coronas do
and to the case of free amphiphiles that are chemically ider?0t interpenetrate significantly. A string of intrachain
tical to the polymerized ones. A brief review of the configu- Micelles is thus self-avoiding and its span is the Flory
rations of unperturbed polysoaps is presented in Sec. II. ThEadius  Re(p)~(m/p) rqiceyfz(pzjzRFl_J . Here Rg
extension behavior of isolated polysoaps in the absence 6F (M/Po)*™ miceid Po)~m*n*?p, "?% is the Flory radius

free amphiphiles is summarized in Sec. Ill. Section IV isOf @ string of spherical intrachain micelles whpre po.
devoted to the effect of free surfactants on fiediagram. The presence of free amphiphiles modifies the picture pre-
sented above. The different feature is the formation of mixed
Il. THE UNPERTURBED POLYSOAP micelles consisting of both polymerized and unpolymerized

amphiphiles(Fig. 1). It is possible to distinguish between

Before analyzing the extension behavior of polysoaps, ithree regimes. BelowXcac, the critical association concen-
is helpful to describe the configurations of a single, unperration, no mixed micelles are formed. Xtc, unpolymer-
turbed chain. The necessary foundation comprises three tojred amphiphiles are incorporated into the micelles. The
ics: (i) the configurations of an isolated polysoap chdi), fraction of polymerized amphiphiles in the mixed miceltes
the interactions of such a chain with free surfactants,(@d decreases a%$ increase up to a saturation concentrafiQg,.
the regime of validity of the assumption that all polymerizedAt X, each mixed micelle incorporates a single polymer-
amphiphiles are micellized. ized amphiphile, i.e.a~1/py. IncreasingX beyond X

As was stated earlier, an isolated polysoap is assumed igoes not affect the configurations of the chain. The formation
form a linear string of spherical micelles. Within our model of mixed micelles is associated with loss of translational en-
the intrachain micelles consist of two regions. The inner retropy of the unpolymerized amphiphiles. It is thus appropri-
gion is similar to micelles of free, unpolymerized am- ate to describe the system in terms@®kT, the grand ca-
phiphiles. It comprises a dense core formed by the hydrophaonical potential for the unperturbed string of mixed
bic tails of the amphiphiles. The polar or ionic head groupsmicelles in contact with a reservoir of free amphiphiles of
straddle the core-water boundary. This region is surroundegoncentrationX. The polysoaps self-assembles into a string
by a corona of swollen loops formed by the spacer chaingf m/q mixed micelles. Each micelle consists@polymer-
joining the aggregated amphiphiles. Our discussion focuseiged amphiphiles and, free amphiphiles such that the
on starlike micelles whose size is dominated by the coronagtal aggregation number ip=q+f,. The free energy
In a @ solvent the size of such micelles, as given by a FIory-per amphiphile in a mixed micelle isey(q) %“gp
type theory[10], is I micere~P*n"?b, whereb is a charac- 1 (q/p)F oyrond KT, Where Feorond KT=~GY2 is the free en-
teristic monomer size. Modification of the simple phenom-ergy per coronal chain. Defining the reduced variahles
enological mode[11] yields the free energy per amphiphile =pl/p, and a=q/p, we have Qo(p,q)=(mM/q)[pey(q)
in a micelle of aggregation number € kT [3]: —fu/KT], whereu~KT In X is the chemical potential of

€.~ yag(u~ Y3+ ulet xul?) — g 1) the free amphiphiles in the solution. Explicitly,
p— Ydo — O

, , , Qo~mla T, (u)+ a2 yag+(1-a™Hin X]. (2)
Here ykT is the surface tension of the water-core interface,

ay is the optimal area per head group in a micelle formed byXcac, @, and Xy, characterizing the interactions between
the free amphiphiles, and 5kT is the transfer free energy of the unperturbed polysoap and the free amphiphiles, are de-
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termined byQ,. In the k<1 limit, the features of interest amphiphiles on a one-dimensional lattice comprisindvigf
are specified by the conditio®),/da=dQ/du=0 [4]. It  sites. For simplicity, we limit the discussion to micelles com-
is possible, however, to obtain the relevant results using arising of p, amphiphiles, i.e., we do not allow for polydis-
simpler argument, which will prove useful later on. In the persity inp. The distinctive feature of this system is ti,
limit of k<1 the aggregation number is hardly affected byvaries with ¢y and «. Since the number of micelles is
the coronal penalty and~1. It is thus possible to rewrite ¥m/ap, and the number of dissociated amphiphiles is
Qg as m(1-4),

Xeme M,~m(1—)+ym/apg. (8

Qo/m=a~tIn + yagka?+In X. (3

The associatedS,, («,¢) is the ideal mixing entropy
The first term favors an increase insince this lowers the  Spix/k=—M/[Y InY+(1-Y)In(1-Y)], whereY is the frac-
loss of translational entropy. The second term opposeBon of sites occupied by micelle¥~ Jm/apoM,. This
growth of  because of the associated coronal penalty. Aleads to

equilibrium the two terms are comparable, thus leading to

ym apo(1—4)
X 213 Smix( @, ) /lk~——In| 1 + ————
a~py ¥ In ﬂc) . (4) " @Po ¥
1-¢)Inj1 __¥ 9
The critical association concentratidfyac for the onset of +m(1-¢)ln 1+ apo(1—¢)| ©
the formation of mixed micelles is defined by E@) to-
gether witha~1, For future reference it is useful to provide the expression for
Stis=d Smic /A4,
In(Xcwmc/Xcac) =P ® ™
i . m apo(l—14)
Note that{),/m reduces toe, for a~1. The saturation Smix(a,¢)/k~a—ln l+T
concentrationXg,;, when each intrachain micelle contains a Po
single polymerized amphiphile, is specified by E4) to- Vi
gether witha~1/p, [14], —min A=) (10
IN(Xcme/Xsad = Po '<1. 6 5. =0 at yo=~1[1+(apy) Y. For a=1 these expres-

sions reduce to those corresponding to pure intrachain mi-
celles consisting solely of polymerized amphiphiles.

The grand canonical potential for a partially dissociated
hain of mixed micelle€) ;i KT is

For X<Xcac there is no effect on,cee @andR. In the range
Xeac< X< Xga the number of micelles increases fromipg
to m/apy. At the same time, the coronal span shrinks andC
the micellar radius thus decreases fropkeie~ps n*% to
(apo)¥nY?p. The overall result is a gradual swelling of the Qenair= #Qo— S @, P)/K. (12)
chain Re(a)~(m/apg) ™ micerd @) ~Rea™ 2% As a ap-

proaches ¥, this picture of the polysoap as a string of For a=1, Qcpain reduces toF cpain/KT=myrep — Smix(4) /K,
starlike micelles deteriorates. At saturation the chain behavegescribing an ideal one-dimensional mixture of dissociated
as a structureless random coil. If we assume that the hydrgmphiphiles and pure intrachain micelles. To study the onset
philic backbone dominates its behavior, we expect Gaussiagf micelle dissociation it is helpful to conside .y, for
statistics and a chain spanR§~(mn)*. The equilibrium  ~1 when S, /k~—m(1— ¢)In apo(l—4). It is conve-

form for 0 in the Xcac< X< Xz range is nient to write 1t as
1/3
Qg=m ( pon 22| X} @ Cowr ot mAL Y - apl-w),

The preceding discussion was based on the assumptiomhereA=(,/m is the free-energy cost per polymerized am-
that all polymerized amphiphiles in the unperturbed chairphiphiles for the dissociation of a single micelle. The form of
are micellized. We will also make this assumption later on. ItQ) .4in IS Similar to that of the free energy used to demon-
is thus important to define its regime of validity. As we shall strate the impossibility of the coexistence of two semi-
see, it becomes untenable oneebecomes larger than a infinite phases in a one-dimensional system experiencing
certainm, to be specified later. Fah=m,,, an average of short-range interactionfl5]. In the present case we can
one micelle per chain is fully dissociated. The underlyingidentify the micellized and dissociated states with the two
physics is as follows. The dissociation is favored by the mix-phases. The assumption of a fully micellized chain amounts
ing entropy of the one-dimensional mixture of micelles andto assuming a single, defect-free, one-dimensional phase of
dissociated amphiphileS,,, . In turn, the importance of this finite size. The equilibrium conditiofQ ¢,,in/ d¢y= 0 leads to
mixing entropy grows withm. To specifym,, it is first  |A|+In apy(l—¢)~0 or poa(l— ) ~exp(—|A)). It is help-
necessary to obtain an explicit expression$gy, as a func-  ful to recast this result in terms of the average number of
tion of @ and the fraction of undissociated amphiphileés dissociated micelles per chairy. This is related tay as ¢
This involves inscription of the micelles and the dissociated~1—ngapy/m, leading to
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FIG. 2. Two possible scenarios for the extension of a linear
string of intrachain micelles in the absence of free surfactdals: FIG. 3. Schematic plot of Ifi vs InR for a polysoap in the
the uniform extension giving rise to a string of smaller micelles andabsence of free surfactants and within $g,=0 approximation.
(b) the coexistence of weakly perturbed micelles and fully dissoci-@ for Re<R<Rpthe string of micelles is extended with a minor

ated amphiphiles. decrease in the aggregation number. A Gaussian behavior is ex-
pected for the weak extension, while fBE<R<R,,,, the Pincus
~ -2 _ elasticity is followed.(b) At R>R,,., the micelles are still weakly
Mg~ (o)~ “m expl( = |A]). (13 perturbed, but the Gaussian bridges between them are stretched.
The conditionng=1 definesm,, an average “chemical dis- BetweenR, andR weakly perturbed micelles coexist with disso-
tance” between dissociated micelles ciated chain segments giving rise te-R°. (d) Beyond R, the
chain is fully dissociated giving rise to the Gaussian extension of
my=~ (apo)?exp(|A|). (14) the backbone.

In turn, it is now possible to exprest as micelles and dissociated amphiphiles. As a result, the coex-

(15) istence behavior exhibits features reminiscent of a first-order
phase transition: a plateau with- R® and sharp boundaries.
This also determines the average This convenient approximation yields useful length and force
scales and a qualitatively correct picture. Finally, we analyze
Y~1—apo/my=~1—(apy) ‘exp—|A|). (16)  the modifications of the plateau introduced 8y, [6], in
) i i particular, smooth crossovers and a logarithrRicdepen-
These results yield the appropriate expressioraferl upon  yence.
noting that in this casé= ;. The “single-phase approxi-  As stated, we first assume that the only effect of the
mation” is thus justified whilem<m, or, equivalently,nq stretching is to decrease the aggregation number figrio
<1. This condition is easily fulfiled wheX<Xc,c and « p with a concomitant increase in the number of intrachain
=1. In this rangem,~p3 exp(€,|>po. However,m, de-  micelles fromm/p, to m/p. In this case the free energy of
creases witha and for a~1/p, or X~X, we find m, the chaiancha}in consists of two terms. Oneep, allows for
~exd —(In Xepe+ 1)]%eXpdEpo|_1)' Thism, is still large.  the contribution of the aggregated amphiphiles. The second

However, the correspondingy is closer to unity and the term, Fe, refle}:]ts thfe stretclfzung freekednefrgy of_the St”ﬁ' i
single-phase approximation is poorer. Finally, note that EqaY assume three forms. For weak deformations, when fin-

(14) is actually an upper bound am,. This is because the éar response is _expect_eEIe,m[R/RF(p)]zw(R/RF)Zu”m.
assumed monodisperity= p, of the micelles enforces com- This initial GaussiarfF, is replaced by the Pincus free en-

~ 5/2__ 5/2,,7/8
plete micellar dissociation as the only source of dissociate§9Y [16] Fer=[R/Re(p)]”*~(R/R¢) 4’ when R
amphiphiles. Allowing forp< p, would provide dissociated > RF(P). Eventually, wherR exceeds the length of the fully

amphiphiles at a lower free-energy cost. extended string Ry, (M/P)T micerd(P), @ third regime
comes into play. In it the bridges between the micelles are

stretched. Since the backbone experiencessalvent, the
stretching involves a linear string ofi/p Gaussian bridges
Before we discuss the effect of free amphiphiles on theconsisting each of monomers. Consequently is Gauss-
extension elasticity of polysoaps, it is necessary to outlindan  with  Fo~[R/Rg(p)]?>~(r/Rg)?u, where Ry
the extension behavior of an isolated chain. Our discussiorr (M/pe)¥nY?b. Finally, the chain is fully unravele¢Fig.
involves three steps. Initially, we consider uniform stretching3) and the Gaussian elasticity of the backbone comes into
assuming that all amphiphiles are micellizéig. 2. The  play. This scenario leads to dR diagram exhibiting a van
only effect allowed is a decrease in the aggregation numbeter Waals loogAppendix A). In turn, this suggests a coex-
of the micellesp. This leads to arfR diagram exhibiting a  istence between weakly perturbed micelles and fully dissoci-
van der Waals loop. In turn, this suggests that the extensioated chain segments at intermediate extensibik
involves coexistence of dissociated amphiphiles and weakly We now consider the coexistence regime within 8¢,
perturbed micelles. We then proceed to analyze the coexist=0 approximation. In this regime we expect that only a
ence regime within th&,,,=0 approximation, i.e., neglect- fraction 0<#<1 of the amphiphiles will be incorporated
ing the mixing entropy of the one-dimensional solution of into micelles. Thusym amphiphiles will form weakly per-

ng=m/m,.

IIl. EXTENSION OF POLYSOAPS
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turbed intrachain micelles while the remaining= %) m sur-

O. V. BORISOV AND A. HALPERIN

57

ing force law isf/kT~R/ RS. Eventually, when the polysoap

factants will be dissociated. Since the onset of coexistence igpproaches its fully extended state, its elasticity will be de-

expected to occur dt.,<f, (Appendix A, we neglect the

weak perturbation of the micellar structure and assume

~1 or p~pg. In a d solvent, for a giverR andT, the free
energy of the polysoap is

Fenain/ KT~ = yim|ep [+ RYRE[ Y+ (1= ¢)pol.  (17)

The first term allows for the free energy of the aggregate
amphiphiles, while the second reflects the Gaussian elastic
of a polysoap withyym/pg intrachain micelles. To character-

ize the coexistence regime we may utiliZl 4/ dyy=0 for
a givenT andR and forp~py. This condition specifieg
= (R) at equilibrium and thus yieldB,i{R) and the cor-
responding tensioh= JF o4in/ dR. A simpler analysis is pos-

sible. Within theS,,,=0 approximation the coexistence is

scribed by the inverse Langevit¥ form [18].

Physical insight concerning the coexistence regime may
be gained by considering two free energies: the free energy
of a stretched, fully dissociated chdiy;s and the free energy
of an extended string of unperturbed micelles in the stretched
bridges regimé-g . In the stretched bridges regime the lead-
ing contributions areFB/kT%mepoJr(R/RB)z. The fully

_%issociated chain is described /kT~(R/Ro)?. The
Wottom of the free-energy curve describedHyyis located at

Rg<Ro and ism[e, | below the minimum of 4. For weak

extensiond-g is lower thanF 4. However,Rg<R, and thus
the spring constant of the fully dissociated chain is weaker.
Consequently, the two curves crossRat, specified byFg

~F is OF Ree=Ro[ M| €, |/ (Po— 1)]"% ForR<R, the string

reminiscent of a first-order phase transition. In particular, weof micelles is of lower free energy, while f&R>R., the

expect a plateadi~R? in the fR diagram[5,6]. It is thus

lower free energy corresponds to the fully dissociated chain.

appropriate to analyze the equilibrium behavior for constant his roul%h argument locates the crossover Rf,
T andf. The corresponding equilibrium condition, as stated~(RuyR.)"“ The peak of the “spinodal curve’Ry<R,

in terms ochhair(w,R)=—1/;m|epo|+Fe|—fR, is dGgpain
= (G chainf dY)dp+ (IGchain/ IR)dR=0. The requirement
IGehain/ d=0 is equivalent to JFpain/dy=0, while

dGchainf PR=0 sets theR corresponding equal to the im-

posedf. At coexistencef does not specify a uniqu®.
Rather,f=f., for any R, <R<Ry,. For this range we may
accordingly substitutef as given bydGgn,in/dR=0 into
Gchaine thus  obtaining  dGepan/kKT=—mle, [dys
—(feo/kT)dR=0 and

dyldR~=—foo/kTm€p |. (18)

Integration of Eq.(18), together with the condition/(R)
=0, vyields ¢~ (f/kTm Ep0|)(RU_R)- By invoking
¥(R)=1 we obtain

feo/kT=mle, [/(Ry—R.) (19
and

y~(Ry—RI/(Ry—Ry). (20)

To obtain the explicit expressions fég,, R, , andR, we
utilize the following three conditionsf.,/kT~ RU/Rg
~R, /R3. These lead to

Ru~poR.; (21)
RL~[m|ep,|/Po(Po—1) 1Ry,
(22)
Ru~[m|ep,|Po/(Po—1)]"Ro;
and finally
foo/KT=[m[€p [P/ (Po— 1)]2Ry
~|ep,|"Po/(Po—1)]M(nb?) M2 (23

Upon further extensioR>R;, the polysoap is fully unrav-

eled, its free energy iB 4s/kT~R?/R2, and the correspond-

<R, corresponds to R/Rg)*~mle, |, that is, when the

free energy of the micellar string is equal to the minimal free
energy of the dissociated chain.

Setting S;,,;x;=0 amounts to assuming that the micelles
and the dissociated amphiphiles coexist as two ‘“pure
phases.” In a one-dimensional system this is impossible
[15]. The two components must mix thus giving rise to
Smix>>0. This in turn introduces modifications of th& dia-
gram at coexistence. The modifié®R diagram is specified

by

F chain/ KT~ m’/’fp0+ ( R/RB)Z[ H(1l—po)+ pO]il_ Shix/K.
(24)

The elastic term may be viewed as an external field favoring
the dissociated “phase.” An increasefinor in the imposed

R, always favors a decrease i On the other hand$,,x
consistently favors intermediate values #flt thus lowers
feo/feo IN the vicinity of ¢y=1 while increasing it in the
neighborhood of=0. In this casef,# const and we can

no longer use the simplified analysis described earlier. Fur-
thermore, when we allow fo8, it is impossible to solve
for f.,=f.o(R) explicitly. Instead, we can obtain a paramet-
ric solution. In particular, we solve for the equilibrium values
of R=R(y) and of f,,=f.(¢). Here the tilde is used to
distinguish the equilibrium values obtained when allowing
for S, from those obtained previously. The corresponding
fR diagram is found numericallyFig. 4). The condition

IF chain/ =0 yields

R=Rg[m| €|+ S/ KIVA (1= po) + pol/ (po— 1) 2
(25)

Upon substituting thiR into Eq. (24) we obtainF 4,,{ ¢) in
equilibrium. The tension at coexistence, as a functionof
is feo= dFchaid )/ dR= (dFcpain/d i) (dR/d ) ~ Lor

?co: feo(1+ Sr,ni></km| e‘po| ) v2, (26)
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FIG. 4. Effect of S, on the coexistence regime of tH&k
diagram in the absence of free surfactants. The sharp plateau
replaced by a sigmoid curve.

Heref, is the tension at coexistence as given by &9),

when Sy is neglected. For & <1 the fR diagram now
exhibits a logarithmic correction té.,~RC. f., increases
weakly with R. S/ is negligible in the vicinity ofyy~1

—poY2 and the correspondingR(¢o)~pe?R, Conse-
guently, in this region it is possible to replace E2f) by Eq.
(20). In turn, Eq.(20) yields the lever ruley/(1— ¢)~(Ry

—R)/(R—R_). By substituting it intoS; it is possible to
approximatef ., in this region by

Teo=fed 110 g(R)/|€p,|142 27

whereg(R) is a slowly increasing function dR,
m<l1 1({Ry—R R—R_ ]P0 08
g(R)~ +% R_R, +Po Ru_R . (28

These logarithmic corrections become important in the im
mediate neighborhood of=1 and 0 where the above ap-
proximation is no longer valid. To identify the upper and

lower boundaries of the coexistence regiRigandR,, itis
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+Six(Ymin)/kire |TV% - where R ~Rgfe,/kT and Ry
~poR&f /KT are the lower and upper boundaries as speci-
fied by Eq.(22). Altogether

~ In(p3/m)]*?
R ~R/| 1+ ﬁ , (29
Po
. Inm 1/2
Ry~Ry| 1+ —/——— 30
VTR e (

Note that botﬁm( Ymax) andﬁL decrease as increases and
vanish when Irpjé/m)+|epo|=0. In particular, bothf .o( ¥ma
andR, vanish age, | LIn(mm) whenm—m, . This is due

to the growing importance 08,y in destabilizing the mi-
celles in the unperturbed chain. However, as noted before,
our analysis as presented above is strictly applicable to the
limit of m<m,. The study of the extension behavior for
gmu is beyond the scope of this paper. Finally, it is useful to
note that for the realistic case mf<m, the S,,=0 approxi-
mation yields the essential features of tte diagram.f.,

R, , andRy are well approximated by.,, R, , andRy.

IV. EFFECT OF FREE AMPHIPHILES
ON THE EXTENSION BEHAVIOR

The extension of polysoaps in the presence of free am-
phiphiles involves mixed micelles comprising of both free
and polymerized surfactants. The coupling to a reservoir of
free amphiphiles introduces a second “degree of freedam”
in addition tou. The formation of mixed micelles is associ-
ated with a loss of translational entropy of the free am-
phiphiles. To account for this feature we cast the argument in
terms of an appropriate grand canonical potential. Again, we
need to consider the two scenarios discussed aligvéhe
extended chain forms a string of uniform mixed micelles. As
we shall see, this scenario is qualitatively modified because
of the coupling to the amphiphiles reservéikppendix B.

(i) The extended polysoap exhibits coexistence between
mixed intrachain micelles and fully dissociated polymerized
amphiphiles. As before, we will first consider the coexist-
ence scenario within th&,,;,=0 approximation and intro-
duce the modifications due &, later on. In the presence

necessary to carefully specify the corresponding valugg of of free amphiphiles, théR diagram of a uniformly extended

As was stated earlier, it is assumed that prior to the onset

the coexistence regime we further assume that fully dissoc
ated amphiphiles coexist with weakly perturbed micelles
Within this approximation, the lower and upper boundarie
of the coexistence regime correspond, respectively,

supporting one dissociated micelle and to chains supportin

%h

coexistence all amphiphiles are assembled into micelles. |

ain exhibits a plateau instead of a van der Waals loop. It is
us necessary to compare the plateau regimes associated
with the two scenarios in order to decide the actual course of

the system. Within our rough model, the coexistence sce-

ghario is favoredAppendix B. As a result, théR diagram is
to chairfXpected to exhibit an “upper critical point.” The tension at

oexistence increases wik¥y while the width of the plateau

a single undissociated micelle. In other words, the maximagecreases. Eventually the plateau disappears altogether. Ini-

and minimal values of} at coexistence ar¢max~1—p0/m

and ¢min=~po/Mm. The S,,x=0 approximation allows us to
consider arbitrarily largen and thus to set/,,~1 and
Ymin~0. In our case, however, we are limitedrte<m, and
this is no longer possible. To obtaiR, and Ry, we use
T (YmadKT=R_/RE and f (1min) KT~Ry /poR5. These lead to
Ri~R[1+ Srlnix(dlma><)/kn16p0|]l/2 and to Ry~Ry[1

tially we focus on the extension behavior whep Xcac. It
is assumed thaXcac, the critical association concentration
for the formation of mixed micelles, is not affected by the
deformation. In reality,Xcac IS weakly reduced by the
stretching, as will be discussed towards the end of this sec-
tion.

The realized scenario, within our model, involves coexist-
ence of mixed intrachain micelles with fully dissociated po-
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lymerized amphiphiles. Again, we initially consider the
problem within theS;,,=0 approximation. As before, we

denote the fraction of polymerized amphiphiles that are in-

corporated into micelles by. The appropriate grand canoni-
cal potential is of the fornf) cp.in= Qo+ Fe. Qg is obtained
from Eq.(2) by substitutinggyrm for m. The elastic penalty is
an appropriately modified form df used within theS;y

=0 treatment of the isolated chaifiEq. (17)]: Fg
~(RIRg)[(1— )po+ ¥l au] L. Altogether

Qchair™ — mlﬁ|A(a)| +myagTg[(1—)po+ ‘/’/au]il(é )

1

where A(a)=Qq/m. In the limit of k<1, whenu~1 and
€p~"ép,~In Xeme We have A~pg¥(In Xeme/X) Y3+ In X,
The equilibrium condition, for a giveil andR, is dQ ain
=0. The equilibrium condition for a fixed=f., involves
the grand canonical potentiaE . KT=—m|A|y+Fg

—fR. Following the procedure described in Sec. Il, it leads¢qq energies
IS

to the equilibrium condition
dE chain= —M[A|dy—fdR=0. (32

Since|A| andf, are independent af andR it is possible to
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FIG. 5. Effect of free amphiphiles on tH& diagram within the
Shix=0 approximation. The broken line indicates the position of the
boundaries of the coexistence regimexamcreases.

is expected to deform as a random coil. Theependence of
the fR diagram can be rationalized, as before, in terms of the
andFg. In the rangeXcac<X<Xga Fis

is independent ofX while Fg is strongly modified by
changes inX. This is becaus®g is replaced byRg(«). As

X increasesq decreases aridg(«) approache®,. This has
two effects:(i) The position of the minimum dof 5 is shifted

proceed as in the case of extension in the absence of frdeom Rg towardsR, and (i) the curvature of g approaches
amphiphiles. The results obtained in the amphiphile free casthe curvature of 4. As a result, alX~Xg, the two curves

apply in the present situation upon introduction of the fol-

lowing modifications{i) replacement o&, by A(a) and(ii)
replacement oy by poa in the expressions foRg, Ry,
and R, . In particular substitutindRg(a)~(mn/poa)*? for
Rg thus leads to

Ru(a)~poaR (a)=~[m|A(a)|poal/(poa—1)]1"?R,,
(33

R.(a)~[m|A(a)|/poa(poa—1)]"R,. (34)

As a result,
Ru(a@) =Ry (&) ~[m|A(a)|(poa—1)/poa] ?Ry. (35)
This, together with Eq(19), leads to

feo~[|A(@)|poal (Poa—1)]*Anb?*) Y2 (36)
At X=Xcac, Whena=1 we haveA~In Xcyc. As X in-
creasesy decreases, approachingd/ This induces shrink-
age of the coexistence regime. At the same tihg,in-
creaseqFig. 5. Within this simple approacli., diverges
when a=1/p, and R, =Ry . However, the analysis pre-
sented above is only valid up = 2/p, whenpgya~2 and
poa—1~1. At this pointR_ ~Ry~R;; and

Rerie=( m|Acrit|)1/2ROy 37
while the corresponding tension is
fcrit”(lAcritl/nbz) V2, (39

Within our approximationsr~ 2/p, occurs atX~ Xq;< Xcp
<Xeme and thusAgi=~In Xepet 1. This roughly identifies
an “upper critical point” in thefR diagram.

To further justify this identification note that at~ X4

no longer intersect. The cross over condition in this case is
—m|A|+[Reo/Re(@) >~ (Reo/Rg)?,  where  Rg(a)
~Rga Y2 ConsequentlyR.,~Ro[m|A|/(apo—1)]*? and
f oo/ KT=Reo/R5~[m|Al/(apo—1)]Y?R; L. Both R., and
f.o iNncrease ag decreases.

To allow for the effects o5, we need to consider

2

Q chainl KT~ —my| A +
o VAN R gy + (1 wypal
— Smix(a,¥). (39
Following the procedure used in Sec. lll, we first obtain

ﬁ(z,b) from the equilibrium conditiord) o4/ dp=0

= _[(Wa)+(1-y)po]
 (po—1a)'?

[mIA|+ Sp(a, )12 (40)

We then obtain the equilibriurf o4, by substitutingﬁ into
Eq. (39). The tension at coexistence, as a function/ofis
feo=dQchaid @, ¥)/dR~ (a(Qchain/a¢)(aR/a¢))_1 leading
to

Too~ fod 1+ S, )/m|AlK]Y2 (41)
where f, is the tension at coexistence within ti$g,,=0
approximation, as given by E@36). In the vicinity of i
~1[1+ (apy) 3], Smix is negligible. To approximaté,,
in this region we substitute the lever ruleg/(1— ¢)
~[Ry(a) —RJ/[R—R.(a)] into S/,(«,¥), thus obtaining

feo~fed 1+ g(R)]¥2 (42)

there is no trace left of the secondary structure and the chawhereg(R) is a slowly increasing function dR
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Uapg degrees of freedom, associated with the intrachain micelles,
gives rise to plateau in thER diagram. This reflects coex-
istence of weakly perturbed micelles with fully dissociated

(43) chain segments. The secondary structure is denatured by free
amphiphiles that form mixed micelles. The secondary struc-

Assuming thatm<m,, we identify the boundary of the tyre gradually disappears a6 is increased fromXcac to

coexistence regime Withyya~1—apo/m and ymin=aPo/  X,. The plateau in théR diagram, which arises because of

m. To obtain Ry _and R we use fco(z//ma><)~RL/R§ this secondary structure, changes accordingly. In particular,

and f ool Ymin) <Ry RS, Because S, (¥may/k  the tension at coexistence increases while the width of the

fmln[(apo)zlm] and S/ (Wmin)/k~=(Mapg)in m, we have coexis_tence regime dec_rgase;. Eventu‘gllwab(satt_he pla_- )
foo Uma)=Fed 1+ AL IN(ape)?ml*2  and T oo i) teau d_|sappears, thu_s giving rise to_an upper cr|t.|cal point.
~fof 1+ (apo|Al) ! In m]Y2 Altogether While the pr_ecedlng d|scu55|on is strictly applicable only
to polysoaps, it suggests that similar trends may occur in
nF.éL"N“RL[l'i_ |A| 7Y In(apg)?/m]¥? (44) other polymers possessing secondary structure. A force law,
similar to that predicted for polysoaps, has been reported for
and certain biopolymers exhibiting intrachain self-assembly. The
- experimental results of Cluzel al.[19] and of Smith, Cui,
Ru~Ry[1+(apo|A])~* In m]*2. (45  and Bustamant§20] concerning the extension of DNA in-
_ deed show a plateau of the type considered above. For this

Altogether, our model suggests that e diagram of poly- gy stem the plateau was interpreted in terms of a coexistence

soaps exhibits a critical point. A% increases, the width of patween two states of the DNA chaifs9,21. The exten-

the plateau shrinks while the tension at coexistence iNgjon pehavior of the muscle protein titin, as reported by

creases. The rough feature of #f diagram are specified by kejlermayeret al. [22], Rief et al. [23], and Tskhovrebova

Egs. (35)—(38), as obtained via th&,=0 approximation. et 5] [24], also reveals a weak plateau at intermediate exten-

When the mixing entropy is allowed for the plateau exhibitsgions, The plateau was attributed to the coexistence of folded

a logarithmicR dependence and the force at the boundariegnq unfolded domains. The plateau in fiediagrams in the

changes smoothly into the form expected in the adjacent renree cases is thus traceable to the coexistence of two states

gimes. _ _ . ~in a one-dimensional system subject to a field. This similar-
In the preceding discussidXicac Was assumed to be in- it suggests that théR diagram of biopolymers in the pres-
dependen_t of the exten5|on of the chain. In the I|m|ts_ considance of denaturing agents may be similar to that of polysoaps
ered in this papeKcac is actually weakly reduced with the j, the presence of free amphiphiles. In the case of DNA
extension. This can be seen by a detailed analysiBdf.  intercalation agents act as denaturants. Clezal. [19] in-
The equilibrium conditiong chain/ U= IQchain/ da=0 lead  geed report that the plateau in the diagram of DNA dis-
to appears following addition of an intercalation agent,
3 ethidium bromide. In the case of proteins, amphiphiles are
u2B+ = U+ 37uM3=1 (469  among the possible denaturing agents. However, their effect
2 on thefR diagram, to our knowledge, has not been explored.
This suggests that it is of interest to study the extension

1 [Ry(a)-R
g(R)++a_m(R—RL<a>>

1+ apo( R_RL(a))

Ry(a)—R

and behavior of DNA and of titin in the presence of suitable
1 Xewe 1 2 denaturing_ agents, in particular, to systematically vary the
In =1——u B3 _uls (47)  concentration of the denaturants in order to explore the pos-
2y8y  Xcac 3 3 sibility of an “upper critical point” in the force diagram.
For k<1, 7<1, and u=1, this leads tou®*~(1-3r
— 3 k)2, Substitution in Eq(47) followed by expansion to APPENDIX A: UNIFORM EXTENSION
first order yields OF AN ISOLATED POLYSOAP
X eme 1 The_fr(_ae energy of the chain in the uniform extension
In ~vyag| 7+ 5k, scenario is
Xcac 2

_ ~13, 13 _
thus indicating thalXcsc decreases with. This result may Fenain/ KT~myag[u™ >+ u™>+ 7(R)u”]—ms, (A1)

be rationalized in terms of the LeChatelier principls]. ) _ )

The elastic free energy of the chain is of the formWhere7(R)~Fe¢(po)/kTyaom is the ratio of the chain elas-
[R/R:(a)]? or [RIR:(a)]®2 Incorporation of free am- lic energy tome, for p~p, and a givenR. For the initial,
phiphiles into the chain increasBs from m33n¥2p; 2% 1o~ Gaussian, regimer= rg(R)~(myao) "(R/Re)? and 7

_ 7 ; ; ; ; _
m¥*nY2(apy) ~"?%. This makes for a lower elastic penalty = 16 w_hl|le n., the Pincus regime 7= 7p(R)
and is thus favored. ~(mvyag)  “(R/Rg)>< and n=g3. In the stretched bridges

regime 7= r5(R)~(mya,) *(R/Rg)?> and »=1. When
7(R) <1 the head group penalty is dominant. In equilibrium,
the leading penalty irF ., IS comparable to the driving
The distinctive extension behavior of polysoaps is due tderm. Accordingly,u~1 and the micelles are only weakly
their secondary structure. The equilibration of the internaperturbed. The condition(R)<1 is fulfilled in both the

V. CONCLUDING REMARKS
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Gaussian and the Pincus regimes. Accordingly, in these re- 3l N Xeme 173 sl N Xewe 2B/ R\ 2
gimesF cnain is respectivelyFg~me, + kKT(R/Rg)? andFp Qchairr>MPg X + T) Re
~mep + kT(R/Rg)%? and the aggregation number is only (B3)

weakly reduced. Upon further extensioR>R ., the o .
stretching proceeds via Gaussian stretching of the bridge@nd the tension in the extended chélkt= () chain/ IR is
Initially 75(R)<%1 is fulfilled, the micelles are weakly per-
turbed, and:B~m6p0+ kT(R/RB)Z. This regime ends &R
~R, , defined byrs(R,)~1 or by R, ~Rg)(myay)*? and
f,~(myay)¥/Rg. ForR>R, , 7g>1 and the elastic pen-
alty in Fepgnis dominant. Consequentlygu is comparable N the range of applicabilit)Kcac<X<Xo, f decreases as
to u~ %, thus leading targu®3~1. The aggregation number X increases. In particular,f(Xcac)/KT=R/R§ while

in this regime decrease strongly asu~ 7-53/4 f(Xsab/kT%R/poRé. This reflects the weakening of the
~(myay)¥(Rg/R)%2. Accordingly, Fg/kT~ Té"‘ spring constant of the cha'ua/Ré asX increases. For strong
~(mya,)  Y4R/Rg)Y? and the tension in the chain de- extensions rg>«, the driving term is comparable to
creases a$/kT~(myag)  Y4RRg) Y2 Finally, when the mMyao7s, thus leading to

chain is fully unraveledFig. 3), u=1/p,, the ideal chain

2/3 R aR

In Xeme
R RE'

< B2

behavior of the backbone in@solvent is expected ¢4, is i Xeme MEN mnl’zg | Xemc| M2 BS
Fus/KT~RYRZ and f/kT~R/RZ. Here Ry~pl?Rs a=|min— R pZ R X (BS)

~(mn)¥? is the unperturbed span of the unraveled chain.

Altogether, thef R diagram exhibits a van der Waals loop. Note that in this regimer is a function of bottR andX. For

a givenX, an increase ifR causes a decrease inbecause
free amphiphiles are incorporated into the chain so as to

APPENDIX B: UNIFORM EXTENSION . R . . .
maintainp~py. The equilibrium ., in this range is

IN THE PRESENCE OF FREE AMPHIPHILES

In the uniform extension scenario, the stretched polysoap Xeme| Y2 R

self-assembles into a string o g mixed micelles consisting Qenairt™ ( m In X ) R_B (B6)
each of g polymerized amphiphiles angg—qg free am-

phiphiles such that the total aggregation numbep.isThe  and the tension in the chain is independenRof
corresponding grand canonical potential, for a givemand

T, i8S Qchair= Qo+ Fe . Hereg is the grand canonical po- 12 1 Po . Xemc) M2
tential for the unperturbed string of mixed micelles in contact fp|ateaJkT%( m In R~ (W I’IT) .
with a reservoir of free amphiphiles of concentratiénF, B
is the elastic free energy of the string. We focus on the re-
gime whereF is large enough so as to significantly affect The |ower boundary of the plateau regin®e is roughly
the micellar structure. The onset of such coupling occurgjefined by the crossover conditior 75,

when =~ 7(R). It is straightforward to check that this con-

Xeme
X

(B7)

dition is only fulfilled in the stretched bridges regime. In this R, /b~mnY?/pd4. (B8)
regime Fq/kT~[R/Rg(p)]?~(R/Rg)2au,where Rg(p) 0
~(m/ aupg)*n*?. Accordingly, The upper boundarR, /b corresponds tar~ 1/p,,

12

Qenar=Myagl @~ (U™ Y3+ u) + ka 2+ rgau] X entc

X (B9)

RU/b%mnl’Zp(%m(In
—ma 18+m(1l—a Y)in X. (B1)

o _ For R>Ry the polysoap is fully denatured. There are no
In the k<1 limit u~1 andQ s, May be written as remnants of its secondary structure and its elastic behavior is
determined by
Qenair= @~ tm In(Xepe/X) + myag(kaX?+ rga)+m In X. ,
(B2 Fais/ kKT~(R/Rp)*, (B10)

Two penalty terms, favoring smallet, are presentxa*? leading to

reflects the contribution of the coronal penaltga favors )

smallera because this weakens the “spring constant” of the f/lkT~R/Ry. (B11)
chain 1R3(a)~ a/R3, thus lowering the elastic free-energy _ _

penalty. We may now distinguish between two regimesBOt fpiateas@nd the width of the plateau regime decrease as
When k<rg, for weak extensions, the coronal penalty is X increases. The width of the plateau regiRig— R shrinks
dominant. In equilibrium,  the  driving term

a im In(1>/(2CMC/X) is comparable to the coronal penalty N "

myagka ', leading to Eq(4) for a. In this casex depends D o~ 3/ NCMC)

only onX. The equilibrium€ 4 in this regime is Ry R,_~R|_[p0 (In X ) 1}' (12
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The conditionR, =R, defines a “lower critical point”X¢p, will first examine the situation within our model and later

where p%"‘(ln Xeme! X)Y?~1 or present a physical argument favoring the coexistence picture.
X . For X>X, we have fco>fplai(7>§1u In particular,
In=SMC —7 - (B13) f ool Xsad/ f platead Xsad =~ (IIn Xeme+ 1)) Y>> 1. However,
Xep  Po while the conditionf .;<f,cq, Clearly selects the coexist-

ence scenaridh > f yaeauis NOt sufficient to select the uni-
form extension. This is because the onset of coexistence

We have described two possible scenarios for the exterfakes place af .o ¥ma) and f oo ¥mad<fc, becauseSyy fa-
sion of polysoaps in the presence of free amphiphiles: univors micellar dissociation. AtXg the ratio foo/f aeau
form extension and extension with coexistence. Which of the= (|In Xgyc+ 1| — In m)¥2~(—In mym)Y2. Defining A via
two is the system expecteq to fpllow? The scenario associn= my—A, we have "f'co( Yman!fplateau
ated with the lowest tension is preferred. Fegac<X ~[—In(1—A/m)]¥2, ?co(¢ma>9/fplateaﬁA/m<1 if A<1 or
<Xsar the ci)eflitzence schﬁzme 3/43_1/§Iearly favored., 1. when the validity of the single-phase approximation
E?(XCAc))?/ kTg/rI‘(T ﬂ'” XCMCDf 0 e itk whie 1S duestionable. FoA~m, . Teo(Yima)/farear=O(1). Alto-
~ Fiateat Xcac) © MOWEVET, T, INcreases with? vniie gether,S,,x favors the coexistence scenario. However, our

Po/(Po—1)
fpateaud€Creases. The two are equal Hp~Xcye© - In ~ rough model does allow for a clear-cut demonstration that
the following we shall nevertheless argue that the coeX|st:f' (P <1 atX.,. A physical argument favoring
ence scenario is expected for the full range of concentrationt?]cg cggxisgg:él; scenarisgt. roceeds as follows. Assume that a
Xeac<X<Xga- However, the situation in th¥ < X<Xcp P i

regime is less clear-cut. Two factors combine to impede thgrosszﬂ?r indeed ogcrl;(rsf XE;XCO. I)? S;Ch z;cajé for a
analysis of this domain. First, the two scenarios differ by3/VEN R INCreases WIEK TOr Xeac< X< X, but decreases

numerical factors of order unity. In turn, the rough model wef0r Xco<X<Xcp. This in turn identifies an unstable region
use does not allow to reliably determine such factors. Sec the corresponding free-energy curve, thus suggesting that
ond, m, decreases aX increases. In the range of interest the Crossover scenario is ur_1phyS|caI. Altogether we expect
ng<1 is no longer negligible and the validity of the single- thus the coexistence scenario to be favored and Ehelia-

phase approximation is questionable. Having said that, wgram to exhibit an upper critical point.

Note thatX ;< Xcp<Xeme -
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